Introduction.-As has been shown by A. Weill and others thte classical theory of the Fourier transform for functions defined on the real line has a natural generalization to a theory of a transform taking functions defined on a locally compact Abelian group G into functions defined on the character group G of G. This theory includes as special cases the theory of n-tuple Fourier series and the theory of n dimensional Fourier transforms.
It is based upon the very simple idea of replacing the function exp (i4y) which occurs in the classical one-dimensional Fourier transform by the character function (t, y) whose value for each t in G and each y in G is the value at t of the character y; and thus defining the Fourier transform of a suitably restricted f(t) as ff(t)(t, y)dt where integration is with respect to the Haar measure in G.
It is the, purpose of the present note to describe how this idea may be further exploited so as to generalize the Laplace transform and the Laurent series in an analogous fashion and thus to connect certain aspects of co.rnplex variable analysis with the theory of topological groups in the same way that this is done for real variable analysis by the generalized Fourier transform. It is hoped that ultimately such considerations will throw light on the theory of functions of several complex variables.
At the present time we are in a position only to describe the basic notions and state a few preliminary results. We expect to publish later in another journal a paper giving detailed proofs of the theorems stated here as well as those of others which we hope to obtain.
Real Characters, Linear Functionals and One-Parameter Subgroups.-We shall call a continuous complex valued function z, defined on the locally compact Abelian group G, a generalized character if z(tlt2) = z(tl)z(t2) for all ti and t2 in G. It is evident that every generalized character has a unique representation as the product of two generalized characters, one of which takes its values on the positive real axis and the other on the unit circle. The generalized characters of the latter sort are clearly identical with the characters of the Pontrjagin-van Kampen duality theory and will be referred to as ordinary characters. Generalized characters of the former sort will be called real characters. If r is a real character then the function x obtained by setting x(t) = log (r(t)) has the property that x(t1t2) = x(tl) + x(t2) for all tl, t2 in G. A continuous real valued function with this property will be called a linear functional. Clearly the abovedescribed mapping sets up a one-to-one-correspondence between the real characters and the linear functionals on G. Now let x be any linear functional on G. For each real number u the function taking t in G into the complex number exp (iux(t)) is clearly an ordinary character y(u). Moreover y(ul + u2) = y(ul)y (u2) (a) For each t in G distinct from the identity e there exists a linear functional x with x(t) $ 0.
(b) For each t in G distinct from e there exists a real character r with r(t) 3 1.
(c) The union of the images of all one-parameter subgroups of G is dense in G.
(d) G is connected. VOL. 34, 1948 15A THEMA TICS: G. W. MA CKE Y (e) G is the direct product of a discrete torsion free group and the additive group of an n dimensional vector space.
The Laplace Transform.-We define the generalized Laplace transform by replacing the ordinary characters of the Fourier transform theory by the generalized characters described above. The Laplace transfQrm of a suitably restricted function2 f defined on G is then ff(t) (t, z)dt where (t, z) is the value at t of the generalized character z. In view of the remarks of the preceding section we may write this as ff(t) exp (x(t)) (t, y)dt where y is an ordinary character and x is a vector. The result may be regarded as a function defined in the direct product of the space G of all vectors with G. If G is taken to be the additive group of integers then G is the multiplicative group of complex numbers of modulus one and G may be put in to one-to-one correspondence with the positive real numbers in such a way that the positive real number r corresponds to the linear functional which carries n into n log (r) and hence to the real character which carries n into rn. Thus the Laplace transform in this case may be regarded as mapping doubly infinite sequences { an }, n = 1, =' 2, . . ., into functions defined in the complex plane with the origin removed. It is readily seen to coincide with the corresponding mapping defined by the Laurent series. If G is taken to be the additive group of real numbers, _ A G X G turns out to be isomorphic to the additive group of all complex numbers and the transform considered here reduces to the classical doubly infinite Laplace transform. Taking finite direct products of these groups with themselves we obtain multiple Laplace transforms and Laurent series in several complex variables. It follows from the theorem of the preceding section that there is little if any point in considering groups for which G is not connected. With this in mind we may say that roughly speaking the generalized Laplace transfor:m defined above is the "direct product" of the classical n-fold doubly infinite Laplace transform and a transform which generalizes a multiple Laurent series to the same extent that a general discrete torsion free group generalizes a direct product of finitely many replicas of the additive group of the integers.
There are many questions that may be asked about the nature of the subset of G X G in which ff(t) exp (x(t)) (t, y)dt is defined. g on G such that g(t) = x(t)k(t) for all t in G.
Since G is a real vector space it is clear that when it is provided with any reasonable topology there will be a natural one-to-one correspondence. between its elements and its one-parameter subgroups and, accordingly, such a correspondence between the elements of G X G and the one-parameter subgroups of G X G. Thus if (xl, x2) is a member of G X G and F a suitably restricted function defined in GX (G we may speak of the partial derivative F(,,, r,) of F with respect to (xl, x2) . It is clear that if u is any real number then the partial derivative of F with respect to u(xb, x2) = (ux1, ux2) is equal to the product of u and the partial derivative of F with respect to (xl, X2). Now G X ,G may be converted into a complex vector space by defining (u + iv) (xl, x2) to be the element (ux1 -vx2, vx1 + ux2) but it will, of course, not always be true that the above homogeneity relationship will continue to hold for complex multipliers. Given any class of differentiable functions those members F for which F(,1, X2) is a complex homogeneous3 function of (xi, x2) will be referred to as the analytic functions in that class.
As is to be expected there are theorems connecting the properties of being analytic and of being a Laplace transform. We shall close this section by describing such a theorem. Let f be any function in L2 on G. Then, as may be proved without difficulty, the set of all x in G for which f(t) exp (x(t)) is in L2 on G is a convex subset K, of G and contains the zero element.
We shall call a convex subset of G large if it contains the zero element and the smallest linear subspace of G containing it is the whole of G. We shall call a point x in a large convex subset of G an interior point if, for some real number u greater than one, the point ux is also in the convex subset. A function f for which Kf is large will be said to be strongly in L2. If f is strongly in L2 then the function on K, X 0 which for each x in Kf is defined for almost all y in C as the Fourier transform of f(t)exp(x(t)) we shall call the L2 Laplace transform of f. Now let K be any large convex subset of G and let F be a function defined on K X G so as to be in L2 on O for each x in K. Then for each x in the interior of K the expression (1/u) (F(x + uxi, yx2[u]) -F(x, y)) may for each (xl, x2) be regarded as a oneparameter family of elements of L2 on & defined for u sufficiently small. If this family tends to a limit as u approaches zero for all x interior to K and all (xi, x2) in G X G and if this limit F(r,, X2) is complex homogeneous as a function of (xI, x2) we shall say that F is L2 analytic interior to K X G. These definitions having been made, our theorem may be stated as follows. VOL. 34, 1948 THEOREM. Let F be defined on K X G where K is a large convex subset of G. Then F is L2 analytic interior to K X C if and only if there exists a function f strongly in L2 on G such that Kf contains the interior of K and F coincides4 interior to K X G with the L2 Laplace transform of f. If f does exist it is unique (modulo functions zero almost everywhere) and F(x,, x2) is also analytic and is the L2 Laplace transform of the function g such that .g(t) = f(t)(x1(t) + ix2(t)).
Complex Integration and. the Cauchy Formula.-If F is the Laplace transform of a functionf on G then for-each x in G it is the Fourier transform of f(t) exp (x(t)). Thus (formally) f (F(x, y)/(t, y))dy = .f(t) exp (x(t)) so that f (F(x, y)/(exp (x(t)) (t, y)))dy = f(t). In other words, for suitably restricted functions, f may be recovered from F by integrating F(x, y)/ (exp (x(t)) (t, y)) over any subset of G X G( which lies in the region of definition of F end is of the form xo X>C 0; the measure being the Haar measure in G transferred by the one-to-one mapping y -i xo, y. It follows that F is determined by its values on any subset of the form xo X G and we are led to expect a formula giving F(x, y) in terms of F(xo, y). If we follow through the formal work of finding f from F(xo, y) and F(x, y) from f and replacing the Fourier transform of a product by the convolution of the Fourier transforms we get the formula F(x, y) = fF(xo, yl)K(x -xo yyl-r)dyi where K (x, y) is the Fourier transform of exp (x(t)). Un- fortunately, this formalism cannot be made to lead to a theorem since the Fourier transform of exp (x(t)) does not exist. Suppose, however, that 4 is the characteristic function of a set so small that +(t) exp (x(t)) does have a Fourier transform for all x in a suitably large subset of G. Then if f vanishes outside of this set so that f = Of the procedure described above leads to the formula F(x, y) = fF(xo, yl)Ko(x -xo, yyl-')dy1 where K4,(x, y) is the Fourier transform of5 +(t) exp (x(t)). This formula may be proved rigorously for suitably restricted functions F. In the case in which G is the additive group of the integers and 4 is the characteristic function of the non-negative integers it reduces to the classical Cauchy integral formula for the special case in which the closed curve is a circle with center at the origin.
If G is finite dimensional (and probably with even a weaker restriction) it is possible to extend the above considerations to the case in which the integration is performed over a much more general subset of G X G-than one of the form xo X G. Let Vt be a suitably differentiable function defined throughout G and having values in G. Let Cp be the set of all points of G X G of the form 4t(y), y for y e 0. Then a complex valued measure p may be introduced into C,, which is of such a nature that theorems can be proved establishing the formulae:
where, in the second integration, x and y are regarded as fixed. As the work necessary to remove obviously too restrictive conditions from the statements of such theorems has not yet been done we shall confine ourselves here to a description of the measure ,4,. Let 0 be the function taking y in G into 4,i(y), y in G X G. Then 0 is a one-to-one map of G onto C,* and hence ,u,6 is completely determined by the measure in G defined by the equation ,O(E) = M,u,(0(E)). When 46 is sufficiently differentiable 4,up will be absolutely continuous With respect to the Haar measure in G and hence will be completely described by its Radon Nikodym derivative with respect to this Haar measure. This derivative may be computed from ,1 as follows. For each x in C the partial derivative {x of i/ with respect to x may be defined in a manner strictly analogous to that used for complex valued functions. The'result will be linear in x and will be for each y in G a member of G. Thus for each y in G, V6r(y) defines a linear transformation T,(y) of the vector space C; into itself. It may be extended to a complex linear transformation of G X G into itself in a unique and obvious fashion. The sought for Radon Nikodym'derivative r is defined by the equation: r(y) = (1/in) determinant (iI + TO(y)). Here I represents the identity transformation and n is the dimension of G. Presumably a measure with si;milar properties may be introduced into Co when f is only assumed to have some property analogous to being of bounded variation. How this is to be done is a matter which we expect to investigate.
Concluding Remarks.-Among other results in our possession at the moment is a generalization to functions on G X G of Hadamard's three circles theorem. Its proof may be carried out using the same device used by Zygmund and Tamarkin6 in proving Thorin's generalization of the M.
Riesz convexity theorem. This is not surprising once one has observed that Thorin's theorem is essentially the Hadamard three circles theorem for functions of n complex variables. We have also investigated the extension to groups of the Hilbert transform and have used this extension to obtain formulae giving F(x, y) in terms of its values on a set of the form xo X G which are different from those discussed in the preceding section. These and other matters we intend to discuss in full in the more detailed paper promised in the introduction.
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